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The Relation between Wind Velocity at 1000 Metres Altitude 

and the Surface Pressure Distribution, 

By E. Gold, M.A., Fellow of St. John's College, Cambridge. 

(Communicated by Dr. W. N. Shaw, F.E.S. Eeceived February 25, — 

Eead March 5, 1908.) 

For the steady horizontal motion of air along a path whose radius of 
curvature is r, we may write directly the equation 

(cor sinX + 'z;) 2 _ 1 dp (cor sin X) 2 
r p dr r 

expressing the fact that the part of the centrifugal force arising from the 
motion of the wind is balanced by the effective gradient of pressure. 

In the equation p is atmospheric pressure, p density, v velocity of moving 
air, X is latitude, and co is the angular velocity of the earth about its axis. 

If dp/dr be negative, it is clear that v and cor sin X must have opposite signs : 
or, for motion in a path concave towards the higher pressure, the air must 
rotate in a clockwise direction, the well-known result for anticyclonic motion. 

Further, the maximum numerical value of ~ % is ^ r sm I and the 

p or r 

corresponding maximum value for v is wrsinX. Therefore, in anti- 
cyclonic regions there are limiting values which the gradient and the 
velocity cannot exceed. This limiting value of v for latitude 50° and 
r=100 miles is approximately 20 miles per hour. 

At the surface of the earth, owing to friction and eddies, the mean direction 
of the motion of the air is nearly always inclined to the isobars ; but over 
the sea the inclination is very much less, and it seemed probable that in the 
upper regions of the atmosphere, if the motion were steady, the air would in 
general move tangentially to the isobars, and its velocity would agree with 
that calculated from the equation given above. 

The question, however, arises as to whether the pressure is likely to 
continue steady long enough for a condition in which the equation 
is applicable to supervene. We can get an idea of the time that would 
elapse before air, starting from rest, would reach a state of steady motion, by 
considering the motion of a particle on the earth's surface (1) under a constant 
force in a constant direction, corresponding to straight isobars ; (2) under a 
constant radial force corresponding to cyclonic and anticyclonic conditions. 
The particle would begin to move at right angles to the isobars in the 
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direction of the force, but as its velocity increased it would be deflected by 
the effect of the earth's rotation until it moved perpendicularly to the 
force. 

The equations of motion of a particle, referred to axes fixed relatively to 
the earth and having an origin on the surface in latitude X, are 



— r — 2o> cos X — — 2o> sm X -/ 

at 2 dt at 



m , \ i % 



-r-| + 2o)smX- T 
dt 2 dt 

— ---f 2a>cosX-- 

6& 2 £& 



Y, 



Z, 



where the axis of z is vertical and the axes of x and y are west and south 
respectively. 

If there is no vertical motion we may write the first two equations 



a x (a/ii tt 
__a- = a, 



^. + a^ = Y, 



d* 



d* 



and the form of the equations and the value of a are unaltered by changing 
to other axes in the same plane. Let us take the y axis to be in the direction 
of the constant force b. Then 



d 2 x dy 
dt?~~ a di 



0, 



d 2 y dx 7 



whence 



x = —(at sin. at), 
a 2 



y 



h 



a' 



(l—cos#£), 



if the particle start from rest. The motion is therefore oscillatory, and the 
particle moves in a series of cycloidal-like curves, fig. 1. The times to the 
successive intersections with y=bfa 2 are it) 2a, Zir\2a, etc. For latitude 50° 




Fig. 1. 

these are about 4 and 12 hours. They are independent of h. If there is 
damping, the motion will be as in fig. 2. If the motion is resisted by a force 
hv proportional to the velocity, the path will be inclined to the ^-axis. 
Fig. 3 gives the path for the particular case k=a and for a period of time 
equal to 2irja, or 16 hours. 
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Fig. 2. 




Fig. 3. 



In the case of a constant radial force we have for the motion 

d 2 r 
dt? 



/d6\ 2 -p . dd 



whence 



d 2 , ndr d6 , dr 

f — 5- + ^ \-a~~ 

dt 2 dt dt dt 

r 2 — + \ar 2 = B. 



0, 



dt 



If the particle start from the centre, 

B = 



and — = —ia, 
dt 



and we obtain 



r 



4R 



a* 



(1 — cos \a£) 



— (1 — COS0). 

a 2 



The particle therefore describes a cardioid, but if there is damping the 
motion will come to be along the circle r = 4R/& 2 . 

The time to reach the circle is irfa, or about 8 hours for latitude 50°. 

These times are not large meteorologically, and we may therefore expect the 
relation between air velocity and pressure gradient to be that corresponding 
to steady motion so long as there are no irregularities to produce turbulent 
motion. 

For application to wind velocities in the upper air we require to know the 
upper-air isobars. If we have air in which the horizontal layers are isothermal, 
then from the equations 

dp = —gpdz, p = gkpT, 

m v* Jo**' 



it follows that 
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We have, therefore, if po and po + dp are surface isobars and p z and 
p z + dp z the corresponding upper isobars, 

$Bz = 1^ , so that ^2*=^P? If . 
JP* Po ' ■ p* Po T * 

Therefore the velocity calculated from the surface isobars will apply to the 
upper air, except for the factor T^/T . For z = 1000 metres the effect of 
this factor is to diminish the velocity by about 2 per cent. 



LordLQ 




If the conditions are not isothermal, but such that the isotherms and 
isobars intersect at an angle ^ the upper isobars will have a different 
direction from the surface isobars, and the value of the upper gradient will 
also be changed. 

The pressure at a height z above B, the point of intersection of p , T , is 
jp Q e~ z / kTm f and above A, the point of intersection of po + dpo, T — rfT , is 

(po + #o) e-*fk (T m — dT m ). 

If we assume the vertical temperature gradient to be the same over all 
the region considered, dT will be the same for every element of the above 
integral, and we can put dT m = d%. 

If these two pressures at height z are equal, we must have 

p Q e~ z /]cT m = (p + dp ) e~ z \k (T m — dT ), 

dpo z ^T dp T dT 

i?o &T W 2 ' po J IV 

In this case AB is the direction of the upper isobar and its inclination <f> to 
the lower isobar is given by 

tan 6 = y<%o 

x ^T .coseei|r + 2/ dp cot^ ? 

where a? dT and y dp are the distances between the isotherms and isobars. 
Substituting for d% and dividing out by dp 0) we get 

x T 2 

COt <£ = COt l|r-f- —^ COSeC l|r, 

2/ ffpo z *-o 



440 



Mr. E. Gold. Relation between Wind [Feb. 25 ? 



Taking y and x for millimetre isobars and 1° C. isotherms and putting 
= 1000 metres and T m 2 /T = 2T m -T = 270° C., say, we find 



x 



cot 6 = cot t/r + 2*8 - cosec -\lr. 

y 

To obtain the upper pressure gradient, we consider the upper isobars over 
B and 1ST. The difference of temperature between B and N" is yfx . dp Q cos i|r 
= dt, say. 

Therefore the upper pressure difference is 

Pozdf 



(Po + dp ) e-*/Jc (T„ + dt) -p oe -*/leT m = e~*/1cT m 



dp + 



rC±m - 

= p ~ z /kT m 



I p z . y cos ty 



tA/tVJLt 



m 



The distance between these isobars is ydp cos and the upper gradient is 
consequently 



y cos <j> 



e /fcx m 



i+ 



p zy cos yfr 



m 



%JcT m 2 J y cos (f> 



e~*/kT m 



1 + 



rp 2 



and the ratio — -J-^ i - -F~ is sec <jE> 



/o* 3r/p 3 



!^» 






•w 



^po^To y cos -^ 
To' 



which is gpz cosec . ^ ^ ? taking T^/T to be unity, namely, 

x 



cosec (f> . 



or 



sin yjr 



cot (fr — cot^ ~ sin(/\Jr— <£) * 
In the special cases, ^ = or 180°, the ratios are 

I +9P& m l) or (i +JL.\ for z = 1000 metres. 

T x) \ 2'8x/ 

If a? = 2y, which would represent a possible case, the increase or decrease 
would be about 18 per cent. 

For <j> = ^7r the rotation would in the same circumstances be about 10°. 

During the year 1905 a series of observations in the upper air was made 
at Berlin and Lindenberg, near the time of the general 8 a.m. morning 
observations. It was therefore possible to compare the wind velocities 
observed with those calculated from measurements of the gradient by the use 
of the formula at the beginning of this paper, the motion being assumed 
tangential to the isobars. 

For purposes of calculation the formula may be written 

709 cosec X T Bo 
T B ' 



v(l± 0*00108 v cot i/r cosec X) = 



X 



where i/r is the angular radius of the small circle, on the earth's surface. 
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osculating the path, v is in metres per second, x is the distance in kilometres 
between millimetre isobars, T, B are the temperature and pressure, and 
T , B the corresponding values for air at 0° C. and 760 mm. 

If the motion is along straight lines, cot yfr = 0, and the values of v for 
B = B 0j T = T , are as follows if x = 50 kilometres. 

Latitude 30° 40° 50° 60° 70° 

v 28-4 221 18-5 164 151 

If Vq represent the velocity when cot ^ = 0, we can most easily express 
the solutions of the equation for different values of yjr, x, X, by taking as 
independent variables, i/r, v , X. 

Taking, as an example of the dependence on ty,\ = 50°, v = 40 metres 
per second, we obtain the following values for v in metres per second in the 
case of cyclonic motion. 

^ 1° 2° 3° 4° 5° 6° 7° 8° 9° 10° 

v 17 21 24 26 28 29 30 31 31 32 

For an ticy clonic motion the gradient corresponding to v = 40 metres per 
second is above the maximum, and we take for two examples Vo = 12, 
30 metres per second. 

The values of v are then as follows for the two cases : — 

+. 1°. 2°. 3°. 4°. 5°. 6°. 7°. 8°. 9°. 10°. 

Forv = 12 v = — ~ - 20 16 15 14 14 14 13 m. p. s. 

For<y = 30 t) = — _____________ 50 ^ 

Where no value is inserted for v, the gradient corresponding to the given 
value of v is above the maximum for the corresponding value of ty. 

To show the dependence on X, we take i/r = 3°, and put v = 40 metres per 
second for cyclonic motion, and v = 10, 5 metres per second for anticyclonic 
motion. The following table gives the values of v for different latitudes in 
the three cases : — 

A. 30°. 40°. 50°. 60°. 70°. 

Forv = 40 v = 21 23 24 25 26 m.p.s. 

Foro = 10 v = — — — 17 15 

For<y = 5 v = 7*1 6*3 6*0 5*8 5 7 
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By the use of tables giving values of v for different values of x, T, B, and 
of v for different values of X, v , ty, each wind observation at 1000 metres 
altitude was compared with the value deduced from the surface isobars. The 
temperature correction was not applied. 

The following table gives the result of the comparisons : — 
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The upper wind coincides in direction very nearly with the isobars at the 
surface, and the wind velocity observed agrees well with that calculated 
from the pressure distribution. The differences are not greater than possible 
errors of observation, except in spring. 

It is known that the upper wind always veers from the surface wind, and the 
numbers in Column 7 show that in 1905 the veering was considerably greater 
in winter than in summer. 

If the effect of the earth's surface were the same as if a frictional force 
opposed the motion, the relation between the wind and gradient of pressure 
would be as above, except that the effective gradient would be the maximum 
gradient multiplied by the cosine of a, the angle between the path and the 
isobars. The corresponding velocity would be approximately v cos a, except 
in cases of considerable curvature. In the majority of the observations the 
curvature was small, and we should therefore expect the surface wind to be 
nearly 'ycosa, so that the numbers in Column 8 would be nearly unity. 
This is far from being the case; but the change of the station of observa- 
tion from Berlin to Lindenberg is accompanied by a corresponding change in 
the ratio of the surface wind velocity to v cos a. 

This suggests that the effect of the surface, apart from the purely frictional 
effect, is to reduce the velocity in a given direction in a constant ratio 
depending on the locality, and that departures in the observed velocities 
from those corresponding to this ratio are to be associated with unsteady 
meteorological conditions. 

The last column gives approximately the ratio of the volume of air crossing 
the isobars at the surface to the volume crossing at 1000 metres. 

The ratio appears to be nearly constant; the change in December is 
probably due to the exceptional conditions which prevailed during part of the 
month, when the air was considerably warmer at 1000 metres altitude than 
at the surface. 
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